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Abstract: The paper describes the interpolation and extrapolation of annual relative growth of GDP in Agriculture, Industry and Services economic activities. The annual regional economic growth is evaluated with the help of the Euler-Malthus dynamic growth model in three different analytical realizations. As a regional example of annual economic growth in Brazil represents the results of interpolation and extrapolation of empirical dynamics of GDP in Brazil in the years 1994-2004-2014.
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I. Introduction. 

The Three-sector Growth hypothesis is an economic theory which divides economies into three sectors of activity: Agriculture and extraction of raw materials (primary), Manufacturing (Industry – secondary) and Services (tertiary). In was developed by C. Clark and J. Fourastie (see Fourastie, 1949). According to the theory the main focus of economy's activity shifts from the primary, through the secondary and finally to the tertiary sector. Fourastie saw the process as essentially positive and writes of the increase in quality of life, social security, blossoming of education and culture, higher level of qualifications, humanization of work and avoidance of unemployment.

We will try to measure the rates of change in Agriculture, Industry and Services. The three-sector GDP Growth hypothesis means that if the relative rate of change
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in some economic sector is lesser than 1 thus the GDP dynamic pointed on decrease; if the relative rate of change
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is bigger than 1 than the corresponding GDP dynamics is increasing.
The situation corresponding to decrease of Agricultural production and to the increase of Manufacturing and Services (as in the end of forties when the Tree-sector Hypothesis first appeared) corresponds to the following inequalities:
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Historically, from 1960 to 1980, one observes an increase in the share of Services and parallel decrease in the Agriculture share, while the participation of Industry is increased and diminished in 1970. From 1980 to 1990, there was s significant grows in the share of Services mainly on the expense of Industry. After 1994 there was smaller increase of the share of Services and the reduction in Industry. (Da Fonceca, 2001) 
As will be shown below the recent situation in Brazil corresponds to the inequalities 
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. This means the increase of the GDP dynamics in all of three sectors of activity; the difference in the position of Agriculture is connected with the extension of the area of sugar-cane for the production of ethanol for car fuel oil and with the fact that Agriculture outperformed the Industry continuing the pattern during 1980-1990 (Guilhoto and Hewings, 2001, p.5).
 In the next three chapters the analytical treatment of deterministic Euler-Malthus dynamic growth model and its modification can be represented in detail.
I. The tree-sectors Deterministic Euler-Malthus dynamic growth model.
Consider the three deterministic empirical sequences
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representing the dynamics of annual GDP values generated by three major economic activities Industry, Agriculture and Services during the time intervals
[image: image6.wmf]0,1,..., 

tT

=

.
It is possible to write that
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where
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,   are the annual GDP absolute values of economic region.
The tree-activities deterministic Euler-Malthus dynamic Growth models (Euler, 1760; Malthus, 1798, Hoppenstead, Peskin, 1992} can be introduced in the form of the following iteration dynamic processes:
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where 
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are the values of annual GDP for Agriculture, Industry and Services; the growth parameters 
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are the average annual growth rates and 
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is the initial state of the iteration processes (3).
It is easy to rewrite the tree sector Euler-Malthus model (3) in the simple form:
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 This form of the tree-sector Euler-Malthus model presents the interpolation/extrapolation procedure for the empirical sequences (1) [interpolation for
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We will propose now the approximation procedure for the derivation of the annual growth parameters
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. Let us calculate the empirical annual growth parameters for each pair of sequential years 
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The average annual rates of GDP growth in Agriculture, Industry and Services are given by averages: 
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The approximated initial state 
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 of the Euler-Malthus model is given by the averages:
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The partial sectoral correlation coefficients 
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representing the goodness of fit between the empirical GDP dynamics (1) and the model (4) can be calculated with the help of formulae:
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II. The total GDP Euler-Malthus dynamics.
The tree-sector Euler-Malthus dynamics (3, 4) gives the simple total GDP dynamics (2):
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where 
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is the initial probabilistic distribution of GDP dynamics.

III. The probabilistic tree-sector GDP Euler-Malthus dynamics.

The probabilistic tree-sector GDP growth dynamics 
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can be written with the help of formulae (3, 4, 9, 10) in the following probabilistic chain dynamics:
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This probabilistic chain dynamics is equivalent to the following Logistic growth probabilistic chain (see Sonis, 1987, 2003):
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The system of difference equations (13) equivalent to the following system of difference equations:
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The expression 
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 presents the relative increment of the share 
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representing the indirect influence of the shares of growth of different sectors of activity on the relative increments of the shares of other sectors. 
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 EMBED Equation.DSMT4  [image: image36.wmf]IV. Brazilian relative GDP growth dynamics, 1994-2004.
Table 1 represents the relative distribution of Brazilian GDP during the decade, 1994-2004. 
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Table 1. Brazilian sectoral GDP growth dynamics, 1994-2004 (billion R$).
These empirical statistical data can be used for the evaluation of parameters of Euler-Malthus models (3, 4). Formulae (6) give the aggregate relative growth rates
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; i.e. the aggregate relative change in Services is bigger then in Agriculture and Industry. The initial states of GDP dynamics calculated with the help of formulae (7) are:
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The interpolation and extrapolation GDP dynamics give the forecast of GDP relative dynamics for the Brazilian GDP, 1994-2004-2014 (see tables 2, 3, 4):
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Table 2. Interpolation and extrapolation relative Agricultural GDP dynamics, Brazil, 1994-2004-2014 (billion R$).

The goodness of fit between empirical Agricultural GDP relative dynamics and the  model can be measured with the help of partial correlation coefficient (8), which gives us the following value: 
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Table 3. Interpolation and extrapolation Industrial  GDP dynamics, Brazil, 1994-2004-2014 (billion R$).

The goodness of fit between empirical Industrial GDP relative dynamics can be measured with the help of correlation coefficient (8), which gives us the following value: 
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 Table 4. Interpolation and extrapolation relative Services GDP dynamics, Brazil, 1994-2004-2014 (billion R$).

The goodness of fit between empirical Services GDP relative dynamics and the model can be measured with the help of correlation coefficient (8), which gives us the following value: 
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In the next Figure 1 we present the graph giving the geometrical presentation of the GDP empirical and model dynamics of Agriculture, Industry and Services in Brazil including interpolation for 1994-2004 and Extrapolation for 2005 till 2014 (cf. tables 1-4). We include into this figure also the total relative growth of GDP in Brazil calculated by formulae (9, 10).
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Figure 1. Interpolation and Extrapolation of Brazil GDP dynamics in different sectors and total annual GDP dynamics.
V. The probabilistic chain of growth in different sectors of economic activities in Brazil, 1994-2004-2014.

Formulae (12) present the chain of probabilistic dynamics of relative growth GDP dynamics of sectors of main economic activities in. 

The co-influence matrix (15) based on the parameters of GDP growth of economic activities 
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This co-influence matrix generates the chain of probabilistic distribution of GDP in the main sectors of economics in Brazil (see figure 2). This chain represent the growth of the relative portion (%) of GDP in Services, the stability of the relative portion (%) of GDP in Agriculture and the decrease of relative portion (%) of GDP in Industry. 
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VI. Conclusion.
The theoretical part of this paper includes the consideration of the Euler-Malthus dynamic growth model in three different forms: the three economic activities growth, the total economic growth and the log-linear probabilistic growth realizations. All these dynamic growth forms results in the interpolation/extrapolation procedure of relative, total and probabilistic non-linear growth dynamics. 

The second part of the paper presents the application of the interpolation/extrapolation technique to the analysis of three-sector growth of GDP in Brazil, based on empirical data of annual GDP in Agriculture, Industry and Services in the period of 1994-2004, interpolation of this data with the help of average annual rates of GDP growth and the extrapolation of Brazilian economic dynamics for 2004-2014.  
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Sheet1

		YEARS		AGR		AGR model		IND		IND model		SRV		SRV model		Total		Total model

		1994		135		117.9		921		853.978		331		390		1387		1,362

		1995		122		120.9		853		869.894441964		454		408.9733944186		1429		1,400

		1996		122		124		871		886.1075345733		510		428.7325349965		1503		1,439

		1997		122		127.2		918		902.6228068027		545		449.4463186924		1585		1,479

		1998		125		130.4		899		919.4458906759		558		471.1608681337		1582		1,521

		1999		125		133.7		922		936.5825231863		544		493.9245343167		1591		1,564

		2000		116		137.1		915		954.0385482535		512		517.7880042677		1543		1,609

		2001		132		140.6		947		971.8199187158		504		542.8044139058		1583		1,655

		2002		153		144.2		957		989.9326983608		483		569.0294663593		1593		1,703

		2003		172		147.8		1018		1008.3830639929		470		596.521555997		1660		1,753

		2004		168		151.6		1098		1027.1773075396		500		625.3418984534		1766		1,804

		2005				155.4				1046.3218381975				655.5546669353				1,857

		2006				159.4				1065.8231846178				687.2271351136				1,912

		2007				163.4				1085.6879971327				720.4298269195				1,970

		2008				167.6				1105.9230500233				755.2366735773				2,029

		2009				171.8				1126.5352438296				791.7251782245				2,090

		2010				176.2				1147.5316077041				829.9765884852				2,154

		2011				180.7				1168.9193018085				870.0760773813				2,220

		2012				185.3				1190.7056197556				912.1129329839				2,288

		2013				190				1212.8979910966				956.1807572281				2,359

		2014				194.9				1235.5039838547				1002.3776743328				2,433
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Sheet2

		YEARS		IND		IND Int/Ext

		1994		921		853.978		0.9261672096		1		921		848241		729278.424484		786513.738

		1995		853		869.894441964		1.021101993		1.018638		837.3926753174		727609		756716.340159859		742019.958995292

		1996		871		886.1075345733		1.0539609644		1.037623375		839.4182522758		758641		785186.562827616		771799.662613366

		1997		918		902.6228068027		0.9793028322		1.0569625995		868.5264742832		842724		814727.931360389		828607.736644881

		1998		899		919.4458906759		1.0255839822		1.0766622684		834.9879310849		808201		845380.745880783		826581.855717626

		1999		922		936.5825231863		0.9924078091		1.0967290998		840.6816233569		850084		877186.822738032		863529.086377776

		2000		915		954.0385482535		1.0349726776		1.1171699368		819.0338550056		837225		910189.551553559		872945.271651911

		2001		947		971.8199187158		1.0105596621		1.13799175		832.1677199914		896809		944433.954412789		920313.463023865

		2002		957		989.9326983608		1.0637408568		1.1592016403		825.5681899924		915849		979966.747283949		947365.592331312

		2003		1018		1008.3830639929		1.0785854617		1.1808068404		862.1223769444		1036324		1016836.40374766		1026533.95914475

		2004		1098		1027.1773075396		1.0186383449		1.2028147183		912.8587996614		1205604		1055093.22112425		1127840.68367845

		2005				1046.3218381975						853.9779907194		9727311		9714996.70557289		9714051.00817923

		2006				1065.8231846178								3118.8637		3116.8889

		2007				1085.6879971327								9721152.8

		2008				1105.9230500233

		2009				1126.5352438296

		2010				1147.5316077041

		2011				1168.9193018085

		2012				1190.7056197556

		2013				1212.8979910966

		2014				1235.5039838547





Sheet3

		1994-2004-2014				SRV

		1994		331		390		1.3716012085		1		331

		1995		454		408.9733944186		1.1233480176		1.048314		433.0763492618

		1996		510		428.7325349965		1.068627451		1.0989622426		464.0741785589

		1997		545		449.4463186924		1.023853211		1.1520575044		473.0666637088

		1998		558		471.1608681337		0.9749103943		1.2077180107		462.0283833466

		1999		544		493.9245343167		0.9411764706		1.2660676986		429.6768653001

		2000		512		517.7880042677		0.984375		1.3272364934		385.7639558153

		2001		504		542.8044139058		0.9583333333		1.3913605974		362.2353550613

		2002		483		569.0294663593		0.9730848861		1.4585827933		331.1433552037

		2003		470		596.521555997		1.0638297872		1.5290527623		307.3798442934

		2004		500		625.3418984534		1.048313976		1.6029274175		311.9292829769

		2005				655.5546669353				1.6803712527		390.1249303206

		2006				687.2271351136				1.7615567094

		2007				720.4298269195				1.8466645603

		2008				755.2366735773				1.9358843119

		2009				791.7251782245				2.0294146265

		2010				829.9765884852				2.1274637648

		2011				870.0760773813				2.2302500491

		2012				912.1129329839				2.33800235

		2013				956.1807572281				2.4509605955

		2014				1002.3776743328				2.5693763057
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